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TWO USES FOR GRAPHS.
By WILLIAM SLEATOR,
Ann Arbor, Mich.
1. CURVES FOR LENS AND MIRROR PROBLEMS.
The relations between object distance, image distance,
and focal length of a lens or a mirror are usually brought home
to the student by the examination of special cases. For ex-
ample, he is asked to locate the image formed by a convex
lens when the object is at the principal focus, or at a distance
between the focal length and twice the focal length. If
numerical results are required, use is made of an equation
of the form
111
<1 P f
where g, p, and / represent the distances, measured from
the lens, of image, object, and principal focus, respectively.
By this formula any number of particular examples may be
worked out, but it appears that even many special cases
may leave a student without a grasp of general relations,
that is to say, unable to anticipate approximately the result
of a calculation.
As in many similar instances, a graphical method suggests
itself, as presenting in accessible form the results of all pos-
sible problems, and here the suggestion is particularly for-
tunate. It seems best to take rectangular coordinates, to
represent g, the image distance as the ordinate; p, the
object distance as abscissa; and to use/ as a unit of measure.
p is always to be considered positive it is measured
from the lens or mirror toward the source of light. With
these conventions one may, by separate solutions of appro-
priate equations, obtain data to plot a curve for convex
lenses, one for concave lenses, one for convex mirrors and one
for concave mirrors.
But it may be remembered that the lens equation
111
-==- is obtained from considerations quite general,
Q. P f
holding for convex as well as concave lenses, the difference
being, in fact, that / is to be considered positive for concave
and negative for convex lenses. So in the substitution of
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numerical values the above equation applies to both cases.
Similarly, in the equation for spherical mirrors,  4-  == ,
Q. P f
f is positive for concave and negative for convex mirrors,
and the one equation serves for problems on either sort.
Then if / is used as a unit of measure in the graphs for both
lenses and mirrors, one curve should do for both kinds of
lenses, and one for both kinds of mirrors. For we can change
the sign of / by interchanging the plus and minus signs
conventionally assigned to the two sides respectively of a
coordinate axis.
We might now proceed to assign values to p, solve for g,
and plot our curves, and perhaps for practical purposes this
is what we should do. But it is interesting first to consider
1 1 1
either equationsay=» for lensesfrom the stand-
Q P f
point of algebra. If it be cleared of fractions we have ,
PfQf == P^ or
(a) pq+ qfpf == 0.
This equation, being of the second degree, represents a conic
sectionin fact, an equilateral hyperbola whose asymptotes
are parallel to the axes. Its center, located by the equations
P+f =0
<?-/== 0
is at the point p =
-/, q = /. If we subtract jf2 from
both members of (a) it becomes pq + qjpff2 = /2,
or by factoring
(b)^
^
(p+f) {qj) =/2.
This equation might often be used in place of
111
? P f
To proceed further, we put x==p-{-^ y^qjf, and have
(c) xy =
/2, an equation which represents
the same hyperbola, referred to axes through its center.
The two branches lie in the .second and fourth quadrants
in the x, y system, and they pass through the points p==0,
q = 0, and p ===  2/, q = 2/. The figure shows the curve.
For concave lenses / is positive and OP and OQ are positive.
Also, since p is essentially positive, only the branch ORA
has a physical meaning, and all problems possible in our
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field concerning concave lenses have their graphical solution
in that branch of the curve.
Similarly, since for convex lenses / is negative, we are to
regard OP’ and OQ’ as positive. Sinc’e the object distance
is always positive, the curves OB and EKCcontinued
indefinitelytell the whole story for this class of lenses.
Thus it appears that for a concave lens q is always positive;
always, except when p is infinite, less than /; and always,
except when equal to 0, less than p. For convex lenses q
is positive always and only when p is less than /. When
positive, it is, except when equal to 0, greater than p. .If
p is greater than /, q is negative; it is
2f when p = 2f
(at the point D) and approaches
/ as p approaches infinity,
becoming itself infinity when p = /. It remains to be noted
particularly that all cases where the image is virtual are
represented by the branch AOB, and all those concerning
real images by CDE.
If drawn with precision on cross section paper, these
curves give approximate numerical answers to problems.
For example, if for a concave lens f is + 12 inches and p
(necessarily plus) 36 in., (FT), q is + 9 inches (SR). Sim-
ilarly, if for a convex lens /is  10 inches and p 5 inches,
q is + 10 inches. If we know that a certain lens forms a real
image 30 cm on one side of an object 40 cm on the other,
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we may draw a line OL, and it appears from the coordinates
of the point K that f ==  17.1cms.
One might now proceed similarily with the equation
111

-4-  ==  for mirrors. But this differs from the lens equa-
<1 P f
tion only in the sign of 1/p, and is symmetrical with respect
to p and q. If now we turn the figure through 90°, so as to
regard OP as the negative image axis and OQ as the positive
object axis, the curves ORA and EDO represent all
possible cases for concave mirrors. And if, as before, we
reverse the sign of/, so as to regard OP’ and OQ as negative,
the curve OB tells the whole story for convex mirrors. More-
over, AOB represents all cases where virtual images are
formed and CDE all cases of real images, this association
being just what it was for lenses. The representation of lens
relations by curves has been set forth beforeit is given in
Nutting^s ^Outlines of Applied Optics,^ page 32. And it
has, I think, been pointed out that a simplification of formulae
results if we measure distances from the principal focus
rather than from the lens. But perhaps the outline I have
given may prove suggestive, and an example of the use of
graphical methods.
II. THE REPRESENTATION OF THE EXPANSION OF AN IDEAL GAS .
In the first part of this article an equation already obtained
or taken for granted was examined graphically in order to set
forth the solutions .of ordinary problems concerning lenses
and mirrors. This illustrated an important use of graphical
methods. However, they may often aid us in understanding
a proof or derivation. In this second part I wish to follow
through by diagram the proof that the- pressure coefficient
and volume coefficient for a perfect gas are equal; that is,
that s, the coefficient of pressure changedefined by the
equation P( == Po (1 + s0? where the subscript v represents
constant volumeequals a? the coefficient of volume change
-defined by the equationV< = Vo (1 + ^O, where the
subscript p represents constant pressure.
We will represent as usual the pressure as the ordinate
and the volume as the abscissa in a rectangular system.
Then any possible state of a constant mass of gas kept at a
constant temperaturesay 0°Cis defined by some point
on the rectangular hyperbola I, and every point on that
curve represents a possible state of the gas. This follows
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from Boyle^s Law. For the several points of the curve the
areas of such rectangles as ABCO are equal.
Now, suppose the body of gas is at the pressure and volume
Pi and Vi, given by the point K, and let it be heated to some
new temperature, t°C, keeping the volume constant. The
line KL represents this process, and L lies on a new hyperbola
II, which represents all states of the gas at t°C, just as I
represents states at 0°C. The coordinates of L are P2, Vi.
Next let us suppose the gas returned to the state given by
K, and then again heated, keeping the pressure constant,
to the same temperature t°C. KF represents this process,
and F lies on the hyperbola II through L, since II represents
all possible states of the given mass of gas at the new tem-
perature. Then the two rectangles whose vertices are L
and F are equal by the nature of the hyperbola so that
p,Vz === PiV,.
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Now by those equations which defined a? and % namely,
f, = p^(l + a^) and ¥2 = Vi (1 +
°A we have Pi Vi
(1 + s0 == PiVi(l + <^) so that ap== a,. In words, the
change in pressure per unit pressure per degree (s) equals
the change in volume per unit volume per degree (^p). One
thing more may be pointed out. Obviously, from what has
been said any rectangle defined by II, as ESDO, is the prod-
uct of any rectangle defined by I, as ABCO, and (1 + at),
so we may write
(PV)< = (PV)o (1 + -t),
or in words, the product of pressure and volume (any pair)
of a gas at temperature ( equals any corresponding product
at temperature 0, times (1 + a0
This note contains nothing more than may be found in
any textbook, except the references to the figure. But per-
haps these may aid one^s understanding of this fundamental
proof. 
GENERAL SCIENCE AGAIN.
BY E. A. STRONG,
State Normal College, Ypsilanti, Mich.
1 have been greatly interested in the discussions which have
appeared from time to time in SCHOOL SCIENCE AND MATHE-
MATICS and other educational periodicals concerning the form
which the science of the eighth (or ninth) grade shall take.
This interest has led me to engage in considerable conference
and correspondence with teachers who have this instruction in
hand. In general I-have found that such teachers are, as one
would expect, pretty well satisfied with the system which they
have adopted, whether it be general science, project science,
agriculture, or some form of earth science. Project science has
seemed a hard saying to many teachers, even to some who habit-
ually use a method strongly akin to it. Earth science or physi-
ography has been able to justify itself in the hands of many
teachers who have had regard to the experience and interests of
their pupils rather than to the subject matter as given in any
particular text. And so for agriculture, which, as given by many
teachers, does not differ greatly from courses given in other
schools under the name of general science or physiography.
But especially do the advocates of general science in the eighth
grade feel that they have made out a good case and find great
satisfaction in their solution of this question.
